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Simultaneous sparse coding (SSC)

Given
• an input matrix Y ∈ Rm×n

• a dictionary D ∈ Rm×s

• and a sparsity target r ∈ N
the simultaneous sparse coding problem consists in finding X ∈ Rs×n with
at most r non-zero rows such that Y ≈ DX .

min
X∈Rs×n

‖Y − DX‖2F s.t. ‖X‖row−0 ≤ r . (SSC)

where ‖X‖row−0 = Card({i |X (i , :) 6= 0}).
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Simultaneous sparse coding (SSC)

min
X∈Rs×n

‖Y − DX‖2F s.t. ‖X‖row−0 ≤ r . (SSC)

(SSC) is equivalent to finding a subset J of columns of D such that
|J| ≤ r and Y ≈ D(:, J)X̂ for some matrix X̂ .

Also called:
• Simultaneous sparse approximation/recovery
• Joint sparse approximation
• Multiple measurement vectors
• Dictionary-based nonnegative matrix factorization
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Simultaneous sparse coding — Illustration

min
X∈Rs×n

‖Y − DX‖2F s.t. ‖X‖row−0 ≤ r . (SSC)

Y

≈

D

×

X
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Application — Hyperspectral unmixing with known spectra library

Y (:, j)︸ ︷︷ ︸
spectral signature of

j-th pixel

≈
∑
p

A(:, p)︸ ︷︷ ︸
spectral signature of

p-th material

X (p, j)︸ ︷︷ ︸
abundance of p-th material

in j-th pixel

Images from J. Bioucas Dias and Nicolas Gillis.
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Application — Fourier-transform infrared spectroscopy for polychromes

Images from KIK-IRPA.

Non-destructive analysis of the color/varnish layers.
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Current state of the art for SSC

• Greedy algorithms: simultaneous variants of OMP, OLS, etc [Tropp, Gilbert, and
Strauss 2006; Rakotomamonjy 2011; Kim and Haldar 2016; Belmerhnia et al. 2021]
• Convex relaxations: group LASSO, penalty or constraint on a mixed `p,q norm, etc

[Tropp 2006; Gillis and Glineur 2012]
• Both have at best restrictive conditions for exact support recovery, or no guarantee

at all.
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A combinatorial problem

• (SSC) can be reduced to finding the row-support of X (set of nonzero rows).
• It is a combinatorial problem, with

(s
r

)
solutions.

• Bruteforce search is not realistic for large problems.
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MIP reformulation

Let a binary decision variable b ∈ {0, 1}s , with
{

bi = 0 if X (i , :) = 0,
bi = 1 if X (i , :) 6= 0.

Problem (SSC) becomes:

min
X∈Rs×n

‖Y − DX‖2F s.t.


∑

i∈{1,...,s}
bi ≤ r ,

−biM ≤ X (i , j) ≤ biM for all i , j .
(SSC-MIP)

Where M is a constant.
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Solving the MIP directly

We solved (SSC-MIP) in [Dache et al. 2023], using Gurobi.

r = 4, n = 2s
The red dotted line represents 15
minutes.
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Branch and Bound (BaB)

• Idea of branch and bound: explore the search space in a smart way, pruning useless
parts to avoid computations but still finding the global optimum.
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Portion of a BaB search tree for s = 4 and r = 2.

Sfree = {1, 2, 3, 4}
S∗ = ∅
S0 = ∅

Sfree = {2, 3, 4}
S∗ = ∅
S0 = {1}

Sfree = {3, 4}
S∗ = ∅

S0 = {1, 2}

X (2, :) = 0

Sfree = {3, 4}
S∗ = {2}
S0 = {1}

Sfree = {4}
S∗ = {2}
S0 = {1, 3}

X (3, :) = 0

Sfree = {4}
S∗ = {2, 3}
S0 = {1}

X (3, :) 6= 0

X (2, :) 6= 0

X (1, :) = 0

Sfree = {2, 3, 4}
S∗ = {1}
S0 = ∅

...
X (2, :) = 0

...
X (2, :) 6= 0

X (1, :) 6= 0
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Pruning the search space

We can prune a node and leave the descending nodes unxplored when we are certain
that the optimal solution does not descend from this node.
In practice, we compute bounds on the error of the best solution:
• Global upper bound: given by an admissible solution.
• Lower bound: given by a relaxation of the problem.
• If lower bound > upper bound, we can prune.
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Finding a relaxation

The simplest one, but not tight at all: remove the constraint.
Already helps to prune the search space and is cheap to compute.
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Finding a relaxation

A tight convex relaxation of the row-0 "norm" is the `1,∞-norm [Tropp 2006],

‖X‖1,∞ =
s∑

i=1

max
j∈{1,...,n}

|X (i , j)|.

So we can relax (SSC) into

min
X∈Rs×n

‖Y − DX‖2F s.t.

{
‖X‖1,∞ ≤ rM,

−M ≤ X (i , j) ≤ M for all i , j .
(SSC-Rel)
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Rewriting the relaxation to solve it more easily

min
X∈Rs×n

‖Y − DX‖2F s.t.

{
‖X‖1,∞ ≤ rM,

−M ≤ X (i , j) ≤ M for all i , j .
(SSC-Rel)

We introduce an auxiliary variable w ∈ Rs to rewrite the constraint ‖X‖1,∞ ≤ rM
linearly. The idea is to have for all i , wi “replace” max

j∈{1,...,n}
X (i , j).

min
X∈Rs×n,w∈Rs

‖Y − DX‖2F s.t.


∑s

i=1 |wi | ≤ rM,

X (i , j) ≤ wi for all j ,
−M ≤ X (i , j) ≤ M for all i , j .

(SSC-Rel-Lin)

This is a problem with quadratic objective and linear constraints, easy to tackle with a
generic solver.
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Order of exploration of the tree

Sfree = {1, 2, 3, 4}
S∗ = ∅
S0 = ∅

Sfree = {2, 3, 4}
S∗ = ∅
S0 = {1}

Sfree = {3, 4}
S∗ = ∅

S0 = {1, 2}

X (2, :) = 0

Sfree = {3, 4}
S∗ = {2}
S0 = {1}

Sfree = {4}
S∗ = {2}
S0 = {1, 3}

X (3, :) = 0

Sfree = {4}
S∗ = {2, 3}
S0 = {1}

X (3, :) 6= 0

X (2, :) 6= 0

X (1, :) = 0

Sfree = {2, 3, 4}
S∗ = {1}
S0 = ∅

...
X (2, :) = 0

...
X (2, :) 6= 0

X (1, :) 6= 0

Depth-first search ⇒ get an admissible solution faster ⇒ early pruning
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Numerical results on synthetic noisy data — Y ∈ R20×100, s = 12
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Numerical results on synthetic noisy data — Y ∈ R20×100, s = 12
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Conclusion and future work

The good news:
• Branch-and-bound reduces significantly the number of nodes to explore
• The relaxation `1,∞ is efficient in pruning nodes

The things to improve:
• An efficient way to compute the relaxed `1,∞-constrained problem?
• A way to compute a lower bound to this relaxed problem (eg using the dual)?
• Consider other relaxations, maybe less tight but easier to compute (eg `1,2, `1,1)?
• Adapt the branching order to sparsity parameter r?
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